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Abstract
The “fully charged” spin-2 field solution is presented. This is an analog of the Coulomb
solution in electrodynamics and represents the “non-waving” part of the spin-2 field theory.
Basic facts and definitions of the spin–2 field and conformal Yano-Killing tensors are
introduced. Application of those two objects provides a precise definition of quasi-local
gravitational charge. Next, the 3+1 decomposition leads to the construction of the mo-
mentary gravitational charges on initial surface which is applicable for Schwarzschild-like
spacetimes.
Keywords: gravitation, general theory of relativity, Yano-Killing tensors, conformal transfor-
mations, Weyl tensor
1 Introduction
Purpose of this paper The charges associated with the gravitational field play a significant
role in General Theory of Relativity. Our goal is to provide a definition of energy, momentum
and angular momentum of a gravitational field using analogies between linearized gravitation
and classical Maxwell’s electrodynamics. Following [1] we shortly remind how, using the geomet-
rical objects characterizing a gravitational field (spin-2 field Wαβµν and conformal Yano-Killing
tensors), one can obtain the quasi-local charges in Minkowski spacetime.
Using a 3+1 decomposition of the spacetime, we propose to define the momentary charges
in terms of natural initial value tensors: the electric and the magnetic part of the spin-2 field
and the initial value data for CYK tensor – Conformal Killing Vector field (CKV). This is appli-
cable for the Schwarzschild spacetime which possesses much less CYK tensors than Minkowski
(less “hidden” symmetries). Moreover, this construction works for any initial data which is
conformally flat, in particular, for any spherically symmetric three-metric. Obviously, it leads
to quasi-local quantities defined on a Cauchy surface.
Remarks about the notation In this paper we assume that the metric g has a positive
signature (−,+,+,+) and we are using units, where c = G = 1. Antisymmetrization of a
tensor is denoted with square brackets, symmetrization with round brackets. A four-dimensional
1
covariant derivative (for a Levi-Civita connection) is denoted by ∇ or with a semicolon. A three-
dimensional covariant derivative is on the other hand denoted by
3
∇ or with a vertical segment.
Greek letters α,β,...,µ,ν,... are indices with values in the set {0, 1, 2, 3}, whereas Latin letters
i,j,... assume values in {1, 2, 3}.
1.1 Spin-2 field
We will begin with defining a spin-2 field, which can also be identified with a Weyl tensor in
linearized gravitation.
Definition 1. Tensor field Wαβµν is called a spin-2 field if and only if the following conditions
are fulfilled:
algebraic:


Wαβµν =Wµναβ =W[αβ][µν],
Wα[βµν] = 0,
gαµWαβµν = 0,
(1.2)
differential: ∇[λWαβ]µν = 0. (1.3)
Wαβµν is antisymmetric in the first and in the second pair of indices, so we can define two
dual tensors, for the first and the second pair of indices respectively:
∗Wρσµν :=
1
2
ǫρσ
αβWαβµν , W
∗
ρσµν :=
1
2
Wρσαβǫ
αβ
µν . (1.4)
A contraction of a spin-2 field with a normed vector nµ perpendicular to the foliation Σt allows
us to define two new tensors: the electric and the magnetic part of Weyl tensor.
Electric part:
Eαβ :=Wαµνβn
µnν , (1.5)
and magnetic part:
Hαβ := W
∗
αµνβn
µnν . (1.6)
Both defined tensors are symmetric (because of the symmetry of the field W ) and traceless.
Applying a contraction with nµ to the electric or the magnetic part gives us zero (because of
the antisymmetry of W in pairs of indices):
Eµνn
µ = Hµνn
µ = 0 . (1.7)
The property (1.3) can be rewritten in an equivalent form ([1]):
∇[λWαβ]µν = 0 ⇐⇒ ∇αWαβµν = 0 ⇐⇒ (1.8)
⇐⇒ ∇[λ∗Wαβ]µν = 0 ⇐⇒ ∇α∗Wαβµν = 0. (1.9)
2
1.2 Conformal Yano-Killing tensors
Previously introduced field W is a tensor field with four indices. If we would like to follow the
analogy with the classical electrodynamics and the Maxwell tensor, we need to define a tensor
field that has two indices. Additionally, we would be pleased if the integral of this new object
didn’t depend on the choice of the two-dimensional integration surface. We will show that the
contraction of a field W with a conformal Yano-Killing tensor has both mentioned properties.
Definition 2. Antisymmetric tensor Qµν is a conformal Yano-Killing tensor (CYK tensor) for
a metric gµν iff:
Qµνκ(Q, g) = 0, (1.10)
where Qλκσ(Q, g) := Qλκ;σ +Qσκ;λ − 2
n− 1(gσλQ
ν
κ;ν + gκ(λQσ)
µ
;µ).
We are only considering four-dimensional case (n = 4), therefore:
Qλκσ(Q, g) := Qλκ;σ +Qσκ;λ − 2
3
(gσλQ
ν
κ;ν + gκ(λQσ)
µ
;µ). (1.11)
2 Minkowski spacetime
Introduction The flat Minkowski spacetime is the simplest possible background for linearized
gravitation. Reasoning presented below will lead us to exact results which are very important.
It will also help us gain some insight which will be useful considering less trivial metrics. Ac-
cordingly to the conditions imposed in the introduction, we will be looking for a natural object
which can be integrated over two-dimensional surfaces and will fulfill Gauss Law.
Quasi-local charges – definition Now we combine a spin-2 field and conformal Yano-Killing
tensor to define gravitational charge in the Minkowski spacetime.
Let us assume thatWαβµν is a spin-2 field and Qµν is any antisymmetric tensor. The new tensor
field1 Fµν :
Fµν(W,Q) :=WµναβQ
αβ (2.1)
obeys the following
Lemma 1. Divergence of a tensor Fµν takes the form:
∇νFµν(W,Q) = 2
3
W µναβQαβν .
If Qµν is a CYK tensor, then Qαβν = 0 and Lemma 1 gives ∇νFµν(W,Q) = 0.
Let V be a three-dimensional volume with a boundary ∂V , therefore:∫
∂V
Fµν(W,Q)dσµν =
∫
V
∇νFµν(W,Q)dΣµ = 0. (2.2)
1Intentionally we are using the same symbol as for the Maxwell tensor.
3
Using this last equality we can claim that each CYK tensor Qµν defines a charge connected with
a spin-2 field. That’s because the flux of a tensor Fµν through any two closed two-dimensional
surfaces S1 and S2 is equal if there exists a three-dimensional volume V with a boundary ∂V
equal to the sum of the surfaces S1 and S2.
CYK tensors in Minkowski spacetime The basis of the space of solutions for the equation
Qαβµ = 0 (i.e. the basis of CYK tensors) in Minkowski spacetime consists of the following 20
tensors (cf. [1]):
T0 ∧ Tk, T0 ∧ D, Tk ∧ D, D ∧ L0k − 1
2
η(D,D)T0 ∧ Tk, (2.3)
∗(T0 ∧ Tk), ∗(T0 ∧D), ∗(Tk ∧ D), ∗(D ∧ L0k − 1
2
η(D,D)T0 ∧ Tk) ,
where D := xµ∂µ, Tµ := ∂µ, Lµν := xµ∂ν −xν∂µ. Each CYK tensor in Minkowski spacetime can
be expressed as a linear combination (with constant coefficients) of these twenty tensors.
Gravitational charges in a 3+1 decomposition We begin with a following simple obser-
vation.
Lemma 2. Each CYK tensor in Minkowski spacetime can be expressed in a following way:
Q = a(t)T0 ∧X + b(t) ∗ (T0 ∧ Y ), (2.4)
where X, Y are (three-dimensional) conformal Killing fields; a(t), b(t) are functions of time
only.
We will prove this Lemma by giving the proper decomposition of the basis tensors described by
formulae (2.3).
Let us introduce the basis of conformal Killing fields (CKV) in a flat, three-dimensional space:
Tk := ∂
∂xk
, S := xk ∂
∂xk
, Rk := ǫkijxi ∂
∂xj
, Kk := xkS − 1
2
r2
∂
∂xk
. (2.5)
The fields written above correspond2 (respectively) to: translation (3), scaling (1), rotation (3)
and proper conformal transformation (3). Now we are able to provide the decomposition of each
tensor in basis (2.3) in a form given in the Lemma 2.
1◦ T0 ∧ Tk = T0 ∧ Tk (2.6)
2◦ T0 ∧ D = T0 ∧ S (2.7)
3◦ Tk ∧ D = −t(T0 ∧ Tk)− ∗(T0 ∧Rk) (2.8)
4◦ D ∧ L0k − 1
2
η(D,D)T0 ∧ Tk = −1
2
t2T0 ∧ Tk − t ∗ (T0 ∧Rk) + T0 ∧ Kk (2.9)
5◦ ∗ (T0 ∧ Tk) = ∗(T0 ∧ Tk) (2.10)
6◦ ∗ (T0 ∧ D) = ∗(T0 ∧ S) (2.11)
7◦ ∗ (Tk ∧D) = −t ∗ (T0 ∧ Tk) + (T0 ∧Rk) (2.12)
8◦ ∗ (D ∧ L0k − 1
2
η(D,D)T0 ∧ Tk) = −1
2
t2 ∗ (T0 ∧ Tk) + t(T0 ∧Rk) + ∗(T0 ∧ Kk) (2.13)
2Number of vectors in each class is represented by the number in the bracket.
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We have obtained 20 tensors of CYK basis in a 3+1 decomposition. To calculate the charges,
we have to contract each CYK tensor with a spin-2 field and then integrate the result over a two-
dimensional surface. The integration is done for a fixed moment in time t (formally we would
have to write: for a fixed value of parameter t which enumerates the leaves of the foliation Σt in
the 3+1 decomposition). The contraction of a spin-2 field with a CYK tensor (written in a way
proposed in Lemma 2) reduces to the contraction of the electric part with a conformal field (for
tensors of the form T0 ∧ X) or to the contraction of the magnetic part with a conformal field
(for the tensors of the form ∗(T0 ∧X)).
We will write E(X) and H(X) to represent the charges obtained from a contraction of a
conformal Killing fieldX with the electric and the magnetic part respectively. E0(X) andH0(X)
are the initial values of the charge, Et(X) and Ht(X) are the charges in time t.
Four of the tensors mentioned in section 2 are not time dependent (i.e. tensors with numbers:
1, 2, 5, 6), which also means that the charges associated with those tensors are constant in time.
Four other tensors include expressions multiplied by first or second power of time. Now we can
use the equation (2.2) and write equations of the evolution. Let’s contract the tensors with
numbers 3, 4, 7, 8 from section 2 with the spin-2 field, then rewrite the result in terms of the
electric and the magnetic part. Finally we use the equation (2.2), writing that this contraction
has to be zero, and now we can put all time-dependent components on one side of the equation.
For the charges linear in time we have:{
Et(Rk) = tH(Tk) + E0(Rk),
Ht(Rk) = −t E(Tk) +H0(Rk),
(2.14)
and for quadratic in time:{
Et(Kk) = 12t2E(Tk) + tH(Rk) +E0(Kk),
Ht(Kk) = 12 t2H(Tk)− t E(Rk) +H0(Kk).
(2.15)
We can classify the charges according to time-dependence (the number in brackets enumer-
ates the charges in each class):
• (8) charges constant in time: E(S), H(S), E(Tk), H(Tk),
• (6) charges linear in time: E(Rk), H(Rk),
• (6) charges quadratic in time: E(Kk), H(Kk).
2.1 Partially charged solution – electric charge counterpart
In [1] we have proposed a “charged” spin-2 field configuration which is a non-oscilating monodipole
solution of equation (1.3) with singularity at r = 0, and it possesses a global “potential” (lin-
earized metric tensor). This is a spin-2 field analog of Coulomb solution in electrodynamics with
electric charge (only). Let us denote by p,k, s the dipole functions on a two-dimensional sphere
which correspond to constant three-vectors in Cartesian coordinates (xk). More precisely, vector
pi corresponds to p = (pixi)/r and, analogously, s = (s
ixi)/r and k = (k
ixi)/r. The “charged”
solution in spherical coordinates y0 = t, yA = (θ, ϕ), y3 = r, A = 1, 2 takes the following form:
WBC0A = − 3
r2
ǫBC
(s,A
r
− ǫADp,D
)
, (2.16)
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WAB03 =
6
r4
ǫABs , (2.17)
W3A30 =
3
r2
(
ǫA
Ds,D
r
+ p
A
)
, (2.18)
W3AB0 =
3
r4
ǫABs , (2.19)
W3030 = − 2
r3
(
m+
3k
r
)
, (2.20)
W0A03 =
3
r3
k,A , (2.21)
WABCD =
2
r3
(
m+
3k
r
)
(ηACηBD − ηADηBC) , (2.22)
W3AB3 = −W0AB0 = ηAB
r3
(
m+
3k
r
)
, (2.23)
WBC3A = − 3
r3
ǫBCǫA
Dk,D , (2.24)
where indices A,B,C, . . . correspond to angular coordinates on S2 and x3 = r is the radial
coordinate.
According to [1], spin-2 field solution (2.16)–(2.24) results from linearized metric:
h00 =
2m
r
+
2k
r2
, (2.25)
h0A = −6p,A − 2
r
ǫA
Bs,B , (2.26)
h03 = −6p
r
, (2.27)
h33 =
2m
r
+
6k
r2
, (2.28)
which in Cartesian coordinates (xk) takes the following form:
h00 =
2m
r
+
2kmx
m
r2
, (2.29)
h0k = −6pk
r
− 2
r3
ǫklms
lxm , (2.30)
6
hkl =
xkxl
r2
(
2m
r
+
6kmx
m
r3
)
. (2.31)
The above symmetric tensor hµν is the solution of linearized Einstein equations with the energy-
momentum tensor localized on timelike curve r = 0 (as a distribution with the support in the
center):
T 00 = mδ − kmδ,m , T 0k = pkδ + 1
2
ǫkmlslδ,m , T
kl = 0 , (2.32)
where δ denotes three-dimensional Dirac delta “function” and ǫkml is a skew-symmetric Levi-
Civita tensor (ǫ123 = 1).
2.2 Fully charged solution – magnetic monopole counterpart
A generalization of (2.16)–(2.24), corresponding in electrodynamics to magnetic monopole, one
can obtain by introducing additional charges q = (qkxk)/r, w = (w
kxk)/r, d = (d
kxk)/r. This
is a “fully charged” spin-2 field solution which is an analog of electro-magnetic monopole –
Coulomb solution with electric and magnetic charge. The quantities q, w, d are obstructions
for the existence of global linearized metric h.
Fully charged spin-2 field solution in spherical coordinates takes the following form ([1]):
WBC0A = ǫBC
(
3
2r
q,A +
3
r2
ǫA
Dp,D − 3
r3
s,A
)
, (2.33)
WAB03 = ǫAB
(
3q
r2
+
2b
r3
+
6s
r4
)
, (2.34)
W3A30 = − 3
2r
ǫA
Dq,D +
3
r2
p,A +
3
r3
ǫA
Ds,D , (2.35)
W3AB0 = ǫAB
(
3q
2r2
+
b
r3
+
3s
r4
)
, (2.36)
W3003 =
3w
r2
+
2m
r3
+
6k
r4
, (2.37)
WA003 =
3
2r
w,A − 3
r3
k,A − 3
r2
ǫA
Cd,C , (2.38)
WABCD =
(
3w
r2
+
2m
r3
+
6k
r4
)
ǫABǫCD , (2.39)
W3AB3 = −W0AB0 = ηAB
(
3w
2r2
+
m
r3
+
3k
r4
)
, (2.40)
W3ABC = ǫBC
(
3
2r
ǫA
Dw,D +
3
r2
d,A − 3
r3
ǫA
Dk,D
)
. (2.41)
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In Appendix A we give more information about Cartesian form of the formulae (2.33)–
(2.41). Charges q and w correspond to metric tensors which are not vanishing at spatial infinity
(hµν = O(1)). One can show that b is contained in the metric
h0φ = 4b cos θ . (2.42)
Similarily, charge d with direction along z-axis (d = d cos θ) corresponds to singular metric
hθφ = 2rd sin θ cos θ (2.43)
or
hrθ = 2d
(
sin2 θ log tan
θ
2
− cos θ
)
. (2.44)
Definition
Ekl :=Wk00l , (2.45)
Hkl :=
1
2
W0kijǫ
ij
l (2.46)
of electro-magnetic part of spin-2 field applied to the fully charged solution gives:
Eij =E(ni∂r + y
A
,i∂A, nj∂r + y
B
,j∂B) = −ηij
2
(
3w
r2
+
2m
r3
+
6k
r4
)
− 3
r2
nkd,l(ǫkj
lni + ǫki
lnj)
+
3
2r2
(niwj + njwi)− 3
r4
(nikj + njki)− ninj
(
−3w
2r2
− 3m
r3
− 15k
r4
)
,
(2.47)
where ηij = δij is the Euclidean metric and n
k := xk/r, or in equivalent form:
Eij =− m
r3
(ηij − 3ninj)− dl 3
r3
nk(ǫkjlni + ǫkilnj)+
− kl 3
r4
(nlηij + niηlj + njηli − 5ninjnl)− wl 3
2r2
(ηijnl − niηjl − njηil − ninjnl) ,
(2.48)
and one more possibility in terms of derivatives of 1/r:
Eij = m
(
1
r
)
,ij
− ~k · ~∇
(
1
r
)
,ij
− [(~d× ~∇)j∇i + (~d× ~∇)i∇j)]1
r
+
− wl 3
2r2
(ηijnl − niηjl − njηil − ninjnl) ,
(2.49)
and analogously
Hij =H(ni∂r + y
A
,i∂A, nj∂r + y
B
,j∂B) = −ηij
2
(
3q
r2
+
2b
r3
+
6s
r4
)
+
3
r2
nkp,l(ǫkj
lni + ǫki
lnj)+
+
3
2r2
(niqj + njqi)− 3
r4
(nisj + njsi) + ninj
(
3q
2r2
+
3b
r3
+
15s
r4
)
,
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(2.50)
Hij =− b
r3
(ηij − 3ninj) + pl 3
r3
[nk(ǫkjlni + ǫkilnj)]+
− sl 3
r4
(nlηij + niηlj + njηli − 5ninjnl)− ql 3
2r2
(ηijnl − niηjl − njηil − ninjnl) ,
(2.51)
and finally in terms of the derivatives of 1/r:
Hij =
[(
b− ~s · ~∇
)
∇i∇j + (~p× ~∇)j∇i + (~p × ~∇)i∇j)
] 1
r
+
− ql 3
2r2
(ηijnl − niηjl − njηil − ninjnl) .
(2.52)
Let us observe that exchanging w → q, k → s, d → −p and m → b in the electric part E we
get magnetic part H. E(w → q, k → s, d → −p,m → b) = H represents spin-2 field version of
electromagnetic symmetry between electric and magnetic monopole.
Finally, we can check the values of quasi-local charges for the “fully charged” solution:
E(S) = Q(E,S) =
∫
S(r)
EijSjnidS = 8πm , (2.53)
E(Tk) = Q(E,Tk) =
∫
S(r)
EijT jk nidS = 8πwk , (2.54)
E(Rk) = Q(E,Rk) =
∫
S(r)
EijRjknidS = −8πdk , (2.55)
E(Kk) = Q(E,Kk) =
∫
S(r)
EijKjknidS = 8πkk , (2.56)
H(S) = Q(H,S) =
∫
S(r)
HijSjnidS = 8πb , (2.57)
H(Tk) = Q(H,Tk) =
∫
S(r)
HijT jk nidS = 8πqk , (2.58)
H(Rk) = Q(H,Rk) =
∫
S(r)
HijRjknidS = 8πpk , (2.59)
H(Kk) = Q(H,Kk) =
∫
S(r)
HijKjknidS = 8πsk . (2.60)
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CYK tensors (2.6) and (2.7) correspond to four time-independent charges:
Q˙(E,Tk) = Q˙(E,S) = Q˙(H,Tk) = Q˙(H,S) = 0 . (2.61)
Moreover, from (2.14) and (2.15) we obtain time-dependence of other quantities:
Q˙(E,Rk) = Q(H,Tk) , (2.62)
Q˙(E,Kk) = Q(H,Rk) , (2.63)
Q˙(H,Rk) = −Q(E,Tk) , (2.64)
Q˙(H,Kk) = −Q(E,Rk) . (2.65)
Finally, we have the following time evolution for the charges: eight quantities are constant, six
of them are linear and other six are quadratic in time. More precisely, we have constant charges:
m(t) = m(0), wl(t) = wl(0), b(t) = b(0), ql(t) = ql(0) , (2.66)
linear in time:
pl(t) = −twl(0) + pl(0), dl(t) = −tql(0) + dl(0) , (2.67)
and quadratic in time:
kl(t) = −1
2
t2wl(0) + tpl(0) + kl(0) , sl(t) = −1
2
t2ql(0) + tdl(0) + sl(0) , (2.68)
where m(0) denotes initial value of m at t = 0 and similarly for the rest of the quantities.
Traditional Poincare´ charges Let us observe that traditional relations between angular
momentum (or center of mass) and Killing vectors (e.g. ADM or Komar formula) are substituted
by conformal acceleration. More precisely, we have the following table:
KV Charges CKV
T0 p0 ↔ m S (1) energy
Tk pk ↔ p Rk (3) linear momentum
Lkl jkl ↔ s Kk (3) angular momentum
L0k j0k ↔ k Kk (3) center of mass
Other quantities: b – dual mass, d – dual momentum , w – linear acceleration, q – angular
acceleration are usually vanishing, if we want to have global “potentials” (linearized metric h
like vector potential A for magnetic monopole). However, some parameters in Einstein metrics
can be interpreted as topological charges, e.g. dual mass appears in Taub-NUT solution ([5],[6])
and dual momentum in Demian´ski metrics ([1],[7]). In [7] a large class of metric tensors is given
(see also eq. (4.50) in [6]). It would be nice to check, if some parameters in those spacetimes
correspond to charges q and w in some asymptotic regime.
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3 Schwarzschild spacetime
Introduction For the Schwarzschild metric the construction described above for the Minkowski
spacetime cannot be repeated, because the equation defining CYK tensors (Qλκσ = 0) has only
two solutions (for Minkowski we had 20). One of them corresponds to the mass (i.e. after
calculating the integral we get the charge corresponding to the mass which is equal to the pa-
rameter M appearing in a standard form of the Schwarzschild metric). The second solution can
be classified as a dual mass and in our case it vanishes. Therefore we are forced to apply a
different construction. Our goal is to define charges which are “local” in time.
Let’s begin with writing down the Schwarzschild metric in the parametrization (t, r, θ, φ):
gµνdx
µdxν = −
(
1− 2M
r
)
dt2 +
dr2
1− 2Mr
+ r2
(
dθ2 + sin2 θdφ2
)
. (3.1)
Now let us introduce a new coordinate r¯ defined by the equality r = r¯(1 + M2r¯ )
2. Schwarzschild
metric in coordinates (t, r¯, θ, φ) takes the form:
gµνdx
µdxν = −
(
1−M/2r¯
1 +M/2r¯
)2
dt2 +
(
1 +
M
2r¯
)4 [
dr¯ 2 + r¯ 2
(
dθ2 + sin2 θdφ2
)]
. (3.2)
We observe that for a fixed value of t, the metric (3.2) is conformally flat (i.e. it takes the form
of a flat-space metric multiplied by a conformal factor
(
1 + M2r¯
)4
). Using this fact we conclude
that we have a set of ten conformal Killing fields, which are identical to the ones that we had
for a flat 3-D space, since both metrics are conformally equivalent. Moreover, using the formula
Kik =
1
2N (Ni|k+Nk|i− ∂gik∂t ) we can easily check that the extrinsic curvature tensor Kik vanishes.
Definition of momentary charges In the previous sections we have used the contraction
of a spin-2 field with CYK tensors to define global charges, then we have shown (Lemma 2)
that CYK tensors can be expressed as contractions of electric (or magnetic) part with conformal
Killing fields. Following this lead we will try to provide a definition of the momentary charges
for the Schwarzschild metric as contractions of E and H with conformal fields (ignoring the fact
that we have not enough CYK tensors for this metric).
Let Ekl be an electric part, Hkl a magnetic part and X
l a conformal Killing field, then
(EklX
l)|k = (E
klXl)|k = E
kl
|kXl + E
klXl|k = E
kl
|kXl + E
klX(l|k) =
= Ekl|kXl + λE
klgkl = E
kl
|kXl ,
(3.3)
where we have used the fact that Ekl is a symmetric traceless tensor. Identical calculation can
be repeated for the magnetic part Hkl.
Now we have to provide an expression for a three-dimensional divergence of an electric and
a magnetic part. Let’s use the following formula:
(gσµWσλκνn
λnν);µ = (W
µ
λκν);µn
λnν + gσµWσλκν(n
λnν);µ . (3.4)
The first component on the right-hand-side is zero because of one of the properties of the tensor
W (i.e. the four-dimensional divergence ofW is zero iff (1.3), from the definition of spin-2 field).
Now let’s work on the left-hand-side:
(gσµWσλκνn
λnν);µ = ((g
σµ + nσnµ)Wσλκνn
λnν);µ = −(3gijEjκ);i . (3.5)
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In the first equality we have added nσnµ, using the fact that W is antisymmetric, and then we
applied the definition of the electric part.
(
3
gijEjκ);i = (
√−gEiκ);i 1√−g = (N
√
3
gEiκ)|i
1
N
√
3
g
= Eiκ|i +E
i
κ(logN),i . (3.6)
We managed to transform left-hand-side of (3.4) to the form containing three-dimensional co-
variant divergence of the electric part. In equality (3.6) we used the formula (
√−gEiκ);i =
(N
√
3
gEiκ)|i, which is proven in the appendix to this paper. Right-hand-side of (3.4) was calcu-
lated in a straightforward way for the metric (3.2). The details of this calculation are presented
in the appendix. Finally we derived the following formula:
Eij|i = 0, (3.7)
and from an identical reasoning for the magnetic part we have
H ij|i = 0. (3.8)
Both three-dimensional covariant divergences are zero. This means that the momentary
gravitational charges (defined as a contraction of an electric or a magnetic part with a conformal
Killing field) fulfill the Gauss law without sources. We can conclude that the value of the charge
would not depend on the choice of the integration surface if there exists an appropriate volume
just like it was for the Minkowski spacetime. This means that if we want to calculate the total
charge inside any closed surface, we don’t need to know the configuration of fields Eab and Hab
inside this surface, we only need to know the values at the boundary. Results presented in this
section (i.e. that the three-dimensional covariant divergence of an electric and a magnetic part
is zero) could also be reproduced using formulas described in paper [8]:
Eij|i = +(K ∧H)j , (3.9)
H ij|i = −(K ∧E)j , (3.10)
where ∧ is the operation defined below for two symmetric tensors:
(A ∧B)a = ǫabcAbdBdc . (3.11)
Equations (3.9) and (3.10) imply that this construction of momentary charges can be applied
to any metric fulfilling following conditions:
• spatial part of the metric is conformally flat for fixed time3,
• extrinsic curvature tensor vanishes.
3Because we need all ten CKVs.
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4 Conclusions
In this paper we reconsider the definition of quasi-local gravitational charges for the Minkowski
spacetime in terms of conformal Yano-Killing tensors and a spin-2 field. The set of twenty
charges, defined in that way, has properties very similar to the ones that are also valid for the
electric charge, for example our gravitational charges fulfill Gauss law. We extend the definition
of quasi-local gravitational charges. The Lemma describing the decomposition of CYK tensors
into exterior product of a time translation vector field and a conformal Killing vector has lead us
to the idea of defining momentary charges (as a contraction of an electric and a magnetic part
with the conformal field) for a wide range of metrics (e.g. when the spatial part is conformally
flat for fixed time and the extrinsic curvature vanishes), including the Schwarzschild spacetime.
Moreover, we have proven by straightforward calculation that the charges, defined using the
described procedure, fulfill Gauss law and we have given the conditions that are satisfactory to
repeat this construction for a well-defined class of metrics.
In the future we would like to apply this construction for the case of asymptotically flat ini-
tial data. It is well known that some spacetimes admit (exact) CYK tensors ([3],[4],[5],[6]) but
in general one should consider asymptotic CYK tensors ([2]) which correspond to the notion of
strong asymptotic flatness. The existence of asymptotic conformal Killing vectors is less restric-
tive and it should lead to the definition of global momentary charge for different asymptotics at
spatial infinity. In particular, angular momentum and center of mass correspond to conformal
acceleration K.
The content of this paper is the answer to the following question:
What is the analog of Coulomb solution (electric and magnetic monopole) for the spin-2 field?
For spin-1 field the solution is “monopole”, for spin-2 field we have also dipole part. In Maxwell
theory we have only time independent charges, for gravity we get also time-dependent quantities.
The “wave part” of the theory starts from dipoles (l = 1) for electrodynamics and respectively
quadrupoles (l = 2) for gravity. Hence the “charged part” for spin-1 field is represented by
l = 0 but for spin-2 field we have l = 0 and l = 1. Finally, the analog of the electric-magnetic
monopole in electrodynamics is given by the mono-dipole solution (2.16)–(2.24) for spin-2 field.
Acknowledgements Supported in part by Narodowe Centrum Nauki under the grant DEC-
2011/03/B/ST1/02625.
A Fully charged solution
Cartesian components:
W0ij0 =
3m
r3
ninj +
15k
r4
ninj − 3
r4
(kjni + kinj)− ηij
r3
(
m+
3k
r
)
, (A.1)
Wijkl =
3
r3
(
m+
3k
r
)
(ninlηjk − ninkηjl + njnkηil − njnlηik) + 2
r3
(
m+
3k
r
)
(ηikηjl − ηilηjk)+
+
3
r3
ǫmkln
mnpk,h(ǫpi
hnj − ǫpjhni) + 3
r3
ǫmijn
mnpk,h(ǫpk
hnl − ǫplhnk) ,
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(A.2)
W0ijk =
3
r3
[(pj − pnj)nink − (pk − pnk)ninj] + 3
r4
(ninkn
mǫmj
lsl − ninjnmǫmklsl)+
+
3
r4
nms(3ǫmjkni + ǫmiknj + ǫmjink)− 3
r4
ǫmjkn
msi +
3
r3
ǫmjkn
mnhǫhi
lpl .
(A.3)
Contraction with CKV: Tk = ∂∂xk , S = xk ∂∂xk , Rk = ǫkijxi ∂∂xj , Kk = xkS − 12r2 ∂∂xk , gives
EikT kj = −
ηij
2
(
3w
r2
+
2m
r3
+
6k
r4
)
− 3
r2
nkd,l(ǫkj
lni + ǫki
lnj)+
+
3
2r2
(niwj + njwi)− 3
r4
(nikj + njki)− ninj
(
−3w
2r2
− 3m
r3
− 15k
r4
)
,
(A.4)
EijRkj = −ǫklinl
(
3w
2r
+
m
r2
+
3k
r3
)
− 3
r
nid,k − ǫkmjxm
(
3
r4
nikj − 3
2r2
niwj
)
, (A.5)
EijKjk =
m
2r
(nink + ηik)− dl 3
2r
nm(ǫmilnk − ǫmklni)+
− kl 3
2r2
(−nlnkni + nkηli − nlηik − niηlk)+
− wl 3
4
(−ninknl − nkηli + niηkl − nlηik) ,
(A.6)
EijS
j = ni
(
2m
r2
+
9k
r3
)
− 3
r
nkd,lǫk
il +
3
2r
(niw + wi)− 3
r3
ki , (A.7)
HikT kj = −
ηij
2
(
3q
r2
+
2b
r3
+
6s
r4
)
+
3
r2
nkp,l(ǫkj
lni + ǫki
lnj)+
+
3
2r2
(niqj + njqi)− 3
r4
(nisj + njsi) + ninj
(
3q
2r2
+
3b
r3
+
15s
r4
)
,
(A.8)
H ijRkj = ǫklinl
(
−3q
2r
− b
r2
− 3s
r3
)
+
3
r
nip,k + ǫk
mjxm
(
− 3
r4
nisj +
3
2r2
niqj
)
, (A.9)
HijKjk =
b
2r
(nink + ηik) + p
l 3
2r
nm(ǫmilnk − ǫmklni)+
− sl 3
2r2
(−nlnkni + nkηli − nlηik − niηlk)+
− ql 3
4
(−ninknl − nkηli + niηkl − nlηik) ,
(A.10)
H ijS
j = ni
(
2b
r2
+
9s
r3
)
+
3
r
nkp,lǫk
il +
3
2r
(niq+ qi)− 3
r3
si . (A.11)
After contraction with normal we get:
EijT jk ni =
2m
r3
nk − 3
r3
dlnmǫmkl − 3
r4
kk +
9
r4
klnlnk +
3
2r2
(wk + w
lnlnk) , (A.12)
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EijRjkni = −
3
r2
(dk − dlnlnk)− 3
r3
klnpǫ
p
lk +
3
2r
wlnpǫ
p
lk , (A.13)
EijKjkni =
m
r
nk +
3
2r
dlnmǫmkl +
3
2r2
kl(nlnk + ηkl)− 3
4
wl(ηkl − 3nknl) , (A.14)
EijSjni = 2m
r2
+
6
r3
kln
l +
3
r
wln
l , (A.15)
HijT jk ni =
2b
r3
nk +
3
r3
plnmǫmkl − 3
r4
sk +
9
r4
slnlnk +
3
2r2
(qk + q
lnlnk) , (A.16)
HijRjkni =
3
r2
(pk − plnlnk)− 3
r3
slnpǫ
p
lk +
3
2r
qlnpǫ
p
lk , (A.17)
HijKjkni =
b
r
nk − 3
2r
plnmǫmkl +
3
2r2
sl(nlnk + ηkl)− 3
4
ql(ηkl − 3nknl) , (A.18)
HijSjni = 2b
r2
+
6
r3
sln
l +
3
r
qln
l . (A.19)
Integrating expressions (A.12)–(A.19) on S2 we obtain (2.53)–(2.60).
Proof of the lemma 1
∇νFµν(W,Q) = ∇ν(W µναβQαβ) = (∇νW µναβ)Qαβ +W µναβ(∇νQαβ)
The first component is zero because of the equation (1.8), for the second component:
W µναβQαβν =W µναβ
[
Qλκ;σ +Qσκ;λ − 2
3
(gσλQ
ν
κ;ν + gκ(λQσ)
µ
;µ)
]
=
=W µναβ(Qαβ;ν +Qνβ;α) = (W
µναβ +W µανβ)Qαβ;ν =
=
(
W µναβ +
1
2
W µανβ − 1
2
W µβνα
)
Qαβ;ν =
=
(
W µναβ +
1
2
W µανβ +
1
2
W µβαν
)
Qαβ;ν =
=
3
2
W µναβQαβ;ν .
In the first line we used the fact that W is traceless, in the second we renamed the indices,
in the third we observed that Q is antisymmetric, and in the fourth line we applied equality
W µ[ναβ] = 0.
Finally we get:
∇νFµν(W,Q) = 2
3
W µναβQαβν .
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Divergence of a tensor density with two indices
Let Lij be a tensor density, so
Lij;i = √g( 1√
g
Lij);i = √g(Lij);i = √g[Lij,i + LkjΓiki − LikΓkji] =
=
√
gLij,i + L
i
j
√
g,i −
√
gLikΓ
k
ji = (Lij),i −√gLikΓkji .
Assume that Lik is a symmetric tensor and perform the contraction with a Christoffel symbol:
LikΓ
k
ji =
1
2
Lik(gkj,i − gji,k + gik,j) = 1
2
Likgik,j .
Finally for a symmetric tensor Lik we get:
Lij;i = (Lij),i − 1
2
√
gLikgik,j = (Lij),i − 1
2
Likgik,j . (A.20)
Now we can prove the formula (
√−gEiκ);i = (N
√
3
gEiκ)|i used in equality (3.6). Let Eµν =√−gWµλκνnλnκ. Therefore we can write:
Eµk = gµλEλk = (gµλ + nµnλ)Eλk = 3g µλEλk .
Next using the equation (A.20) we obtain:
Eµk;µ = Eµk,µ − 1
2
Eµνgµν,k = E ik,i − 1
2
E ijgij,k =
(N
√
3
gEik),i − 1
2
N
√
3
gEijgij,k = (N
√
3
gEik)|i .
(A.21)
Right-hand-side of (3.4) for the metric (3.2)
gσµWσλκν(n
λnν);µ = g
σµWσλκν(n
λnν),µ + g
σµWσλκνn
λnαΓναµ + g
σµWσλκνn
νnαΓλαµ
= g11W10κ0
(
1
N2
)
,1 + g
σµWσ0κν
1
N2
Γν0µ + g
σµWσλκ0
1
N2
Γλ0ν
= g11W10κ0
(
1
N2
)
,1 +
1
N2
Γ001g
11W10κ0 +
1
N2
(Γ001g
11 − g00Γ100)W10κ0
=
1
N2
W10κ0[2Γ
0
01g
11 − g00Γ100 − 2g11(log(N)),1]
(A.22)
In the calculation above we used the fact that each Christoffel symbol of the form Γµ0ν excluding
Γ001 and Γ
1
00 is zero.
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Proof of the formula (3.7)
To derive the final formula for the divergence of the electric part, we have to use the results
from equations (3.6) and (A.22):
Eiκ|i = −
1
N2
W10κ0[2Γ
0
01g
11 − g00Γ100 − 3g11 log(N),1]. (A.23)
After substituting the values for the metric (3.2) we obtain
Eiκ|i = 0. (A.24)
Summary of basic facts used in a 3+1 decomposition
Four-dimensional metric can be expressed using the lapse (N) and the shift (Nm) in a following
manner:[
g00 g0k
gi0 gik
]
=
[
(NsN
s −N2) Nk
Ni gik
]
.
Inverse metric:[
g00 g0m
gk0 gkm
]
=
[−(1/N2) (Nm/N2)
(Nk/N2) (gkm −NkNm/N2)
]
.
Unit normal time-like vector:
nµ = (−N, 0, 0, 0), nµ = [(1/N),−(Nm/N)].
Connection of three-dimensional metric with a four-dimensional one:
4
gµν + nνnν =
3
gµν ,
4
gµν + nνnν =
3
gµν .
Volume element:
(−4g)1/2dx0dx1dx2dx3 = N 3g 1/2dt dx1dx2dx3.
Non-zero Christoffel symbols of metric (3.2)
Γ001 = −
4M
M2 − 4r¯2 , Γ
1
00 = −
64Mr¯4(M − 2r¯)
(M + 2r¯)7
, Γ111 = −
2M
r¯(M + 2r¯)
Γ122 =
r¯(M − 2r¯)
M + 2r¯
, Γ133 =
r¯ sin2 θ(M − 2r¯)
M + 2r¯
, Γ212 = −
M − 2r¯
r¯(M + 2r¯)
Γ233 = − sin θ cos θ, Γ313 = −
M − 2r¯
r¯(M + 2r¯)
, Γ323 = ctg θ
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